Nov 07, 2016 Solution
Analysis 111 - ENDTERM Exam - Semester I

1.

2.

Let U,V be neighbourhoods of 0 in R™ and let f : U — V be a diffeomorphism such that f(0) = 0.
Then show that the restriction of f to a suitable neighbourhood of O can be expressed as a composition
of finitely many permutations and primitive diffeomorphisms.

Solution: [2] We will find, by induction, finitely many primitive diffeomorphisms of the form
gl(x) = (xla L, Ti—1, T+ Oél(l'), Tig1,: axn) (1)

and a permutation ¢ such that f = gog,o---0g;. Let p; be the projections onto the i-th coordinate,
1 <4 < n. Recall that a diffeomorphism is said to be primitive if it is of the form given above, and
‘%‘#(m) # —1. Let f{ = f. Foreach 1 < k < n — 1, we will find a permutation ¢, and a map ax
such that if we put fry1 =qro fr o g,;l, then p; o fr41 = pi, 1 < i < k. By this, we would get that
fn is primitive and we will set g, = f,,. Then we get

f=qoqo---og,_10gp0---0g;.

Hence we get the result. Consider f;(0). Since it is invertible, there exists j > k such that
% # (0. Take gx to be the transposition interchanging j and k if j # k and the identity map
if § - k. Let hy = qi o fr. Then the (k, k)-th entry of hj (0) # 0. Let a(z) = p o hy(x) — z5. Let
gr, be as defined as in (1). Then g is a local primitive diffeomorphism. Let fr11 = qx o fx o g;l.
We have p; o fr = p; and p; oqr = p; for 1 <i <k — 1. Hence

Pio fis1 =Pioqeo fuogy'

=piofrogy
=p;o 9;;1
For i =k, we get py © frt1 =Pk ohkogy ' =Pk ogrogy' = D 0

(a) Let f : U — R be a continuous function such that [ |f(x)| dz < oco. Here U is an open set
in R™. Let Uy,--- ,Uy be open subsets of U whose union is U. Then show that fU f(z) dx =
Z@#Ig{l,--- 7k}(_1)#(1)71 fmiEIUi f(:li) dz.

(b) Let U,V be open subsets of R™ and let g : V — U be a diffeomorphism. Consider the class
C consisting of all open subsets Uy of U such that, for every continuous function f: U — R,
satisfying fU |f(x)] dz < oo, the formula

fla)do= [ Jdetg/(@)lf(g(o) do
Vo g=(Vo)
is valid for all open subsets Vi of Uy. Prove (without using the change of variable theorem!)
that this class C is closed under finite union. You may use (with or without proof!) the result
of part (a).
Solution:



(a) We will prove the result by induction. Let & = 2. Then I € {{1},{2},{1,2}}. Clearly
Jo f(@) de = [, f(x) do+ [, f(x) dz— [, ~p, f(z) do. Let us assume the result is true

for k and prove it for k + 1. Suppose U = UfillUk. Then fU flx) dx = fuleUi flx) dx +

fUHl f(x) dx_kaJrlﬂU?:lUi f(x) dx = fuﬁ“‘:lUi f(2) dx—’_kaH f(z) dx_fuleUkJrlﬂUi f(x) dx.
Let V; = U; NUgyq for all 1 <4 < k. Then by the induction hypothesis,

T) dr = —1)#(-1 x) dx
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(b) We will use part (a) to prove the result. Let Uy, ---U, € C and U = U U;. Let V. C U be
an open subset of U. Then, if V; =V NU;,1 <i<n, V=U",V;. Also, note that N}_,V; is
an open subset of U;, for all 1 < i <n. Then

x) dxr = —1)#(-1 x) dx
/Vf()d S (- /%Mf()d

0AIC{L, - n}
=Y (o / |det ¢/ (2)|f(g(x)) do
OAIC{L, - n} Nierg=* (Vi)

- / |det ¢/ (2)] f(g(a)) da.
\%

3. (a) Give an exzample of a C*-function f:R? — R? such that f'(x) is invertible for all x, but f is
neither one-one nor onto.
(b) Let f : R? — R? be the diffeomorphism defined by f(x,y) = (y,x). Show that there is no
neighbourhood of zero on which f can be written as the composition of two primitive diffeo-
morphisms.

Solution:



e’cosy —ersiny

e’siny e®cosy
Then f’(x,y) is invertible for all (z,y) € R?, but f is not one-one (for example, (0,y) and
(27, y) map to the same point), and f is not onto (for example, (0,0) is not in the the range
of f). O

(b) Suppose f(z,y) = (y,x) is given on some neighbourhood of zero as the composition of two
primitive diffeomorphisms, i.e., (y,z) = (x + a(z,y),y + B(z,y)), for some functions « and 3.
Recall that for a function of the form g(x,y) = (z+~(z,y),y) to be a local diffeomorphism, we

(a) Let f : R? — R? be defined by f(z,y) = (e cosy, e®siny). Then f(x,y) =

must have % # —1. Now, on the one hand, f'(z) = [ (1) (1) ] for every (z,y) € R2. On the
|4 Paly)  daley) o
other hand, f'(z) = O8] - Y2y |- This forces % = —1, a contradiction.
ox Oy

4. Define the exterior derivative d(w) of a differential k-form in the class C*. Show that if w,\ are
k-form and I-form in the class C', then d(w A \) = (dw) A X + (—=1)kw A d\. Hence deduce that if
w 15 in the class C?, then ddw = 0.

Solution: Let E be an open set in R™. Recall that a differential k-form in E is a function w,
symbolically represented by the sum

w = Z Qi1 ig (X)dﬂ?il VAR dl‘im

where the indices 41, - , i, range independently from 1 to n. The function w assigns to each k-
. 3 i1 " Lq .
surface @ in E a number w(®) = [, 3" a1,... 4, (q’(“))%du, where D C RF is the parameter

domain of ®. The derivative d of a k-differential form of class C* gives a (k+ 1)-form and is defined
as follows: A 0-form of class C is just a real function and we define

df = Z(Di £ (x)da;.

Now, if w = Y br(x)dx; is the standard presentation of a k-form w, and by € CY(E) for each
increasing k-index I, then we define

dw =" (dbr) Adzy.
I

For the proof of the result, see Theorem 10.20 in [1].

5. Let f : U — V be a homeomorphism between two open subsets of R™. Suppose f is in the class
C*, i.e., all the kth order (and smaller order) partial derivatives D;,, D;,,--- ,D;, f exists and are
continuous, for all 1 <iy,--- i < n. Then show that f~1 is in the class Ck.

Solution: We will prove the result by induction on k. First recall from the proof of the inverse
function theorem that if f : U — V is a homeomorphism and if f € C!, then f~! € C', and further,

Y= ) (2)

Now suppose the result is true for & — 1 and suppose f € C¥. Then f~' € C*¥~! by the induction
hypothesis. Further, f' € C*~!, and since the entries of the inverse of an invertible matrix are
smooth functions of the entries of the matrix, (f')~! is also in C*~!. Hence, by (2), (f~1)’ is the
composition of two C*~! functions, and is thus in C*~!. Hence f~! € C*.
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